
JOURNAL OF SPACECRAFT AND ROCKETS
Vol. 36, No. 4, July-August 1999

Friction Model of a Revolute Joint for a Precision
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An analytical model is presented for predicting breakaway friction torque in a precision deployable spacecraft
structure joint incorporating preloaded angular contact bearings. The model is based on the Todd/Johnson tri-
bological friction model of friction within ball bearings (Todd, M. J., and Johnson, K. L., "A Model for Coulomb
Torque Hysteresis in Ball Bearings," International Journal of Mechanical Science^ Vol. 29,1987, pp. 339-354) and
includes the effects of Coulombic microslippage between the bearing components and material hysteretic damping.
A new nondimensional parameter is developed to quantify the effects of bearing preload, geometry, and material
properties. It is analytically shown that bearing friction can be minimized for a specific bearing contact angle con-
sidering both rolling and sliding friction components. Additionally, steady-state bearing friction is calculated to
vary nonlinearly with assembly preload. Analytical prediction of bearing friction is correlated with measured data.

Nomenclature
A1 ) 2 >3 = nondimensional constants
a = semiminor axis of the Hertzian contact ellipse, m
b = semimajor axis of the Hertzian contact ellipse, m
Cr/, Cro, Cz = constants that define the contribution of

conformity and spin friction
c = conformity ratio, rg/rb
E = Young's modulus, Pa
F = tangential forces that are developed at the points

of contact between a race and a ball, N
g = gravitational acceleration, m/s2

/ = mass moment of inertia of the moving
joint half, kg m2

K = single bearing compression scale parameter
k — constants that are functions of the elastic bodies'

material properties
Mh = hysteretic friction torque, Nm
Mr = conformity Heathcote17 friction torque, Nm
Mz = spin friction torque, Nm
rrij = moving joint half mass, kg
nb - number of ball bearings in the bearing set
P = normal load on a single ball bearing, N
p(x) = Hertzian pressure distribution, Pa
po = maximum pressure of the Hertzian pressure

distribution, Pa
Ri, R0 = inner or outer radius to the point of contact

between a ball and the inner or outer race, m
rb = radius of an individual ball, m
rcg = radius from the center of rotation to the center of

gravity of the moving joint half, m
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rei = radial dimension parameter [see Eq. (16)]
rs = radius of the race grove, m
rss = applied torque about the bearing axis to overcome

resistance to motion, Nm
x = local Cartesian coordinate along semiminor axis

within contact ellipse
y = local Cartesian coordinate along semimajor axis

within contact ellipse
GL = material hysteresis loss factor
ft = contact angle of the bearing set, rad
Aa)z - difference in rotation rates between inner race and

ball [see Eq. (14)]
s = roll/spin parameter
77 = nondimensionalized coordinate along semimajor

axis within contact ellipse, y/b
9 - breakaway angle
IJLS = sliding coefficient of friction
v = Poisson's ratio
£ = microslip parameter
TF = surface tractions that create coupled moments, Pa
rt = total surface tractions, Pa
TO = surface tractions that create frictional sliding

forces, Pa
a)i = angular velocity of a inner bearing race
o)rb - angular velocity of a single ball in the roll

direction
cozb = angular velocity of a single ball in the spin

direction

Introduction

S PACECRAFT designers have always used deployable struc-
tures to reduce the packaged volume of the spacecraft.

Many low-precision components, such as appendage booms, and
moderate-precision components, such as communication antennas,
have been successfully deployed in space. All of these devices have
incorporated joint and latch mechanisms whose structural response
is nonlinear and complex, involving numerous localized pheno-
mena that are difficult to model. Historically, these nonlinear re-
sponse characteristics have been treated as uncertainties requiring
large design factors of safety. For example, values for friction torque
within revolute, i.e., hinge, joints are often estimated by applying
factors of safety of three or more to upper bounds on test data from
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Fig. 1 High-precision, low-friction, zero-freeplay hinge joint.

similar mechanisms.1"3 Such estimates can be very conservative
and lead to oversized deployment actuation systems.4"6 However,
these inefficiencies are tolerated in the design of low- and moderate-
precision deployable structures to avoid the complexity of develop-
ing detailed models of the friction behavior.

Recently, significant interest has developed in the design of
high-precision deployable structures for scientific instruments, such
as large telescope mirrors and interferometer booms.7 A revolute
joint, which exhibits highly linear response under load cycling, has
been developed for application to these high-precision deployable
structures.8 This joint (Fig. 1) eliminates common sources of non-
linear load-cycling response and kinematic imprecision by incorpo-
rating a preloaded angular contact bearing in place of a conventional
pin.9'10 Like all rolling element bearings, angular contact bearings
consist of two races (the inner race and the outer race), a set of
rolling elements, e.g., balls, and a separator (usually called a cage
or retainer). The separator is used for keeping the set of rolling
elements equally spaced. Although angular contact bearings find
common use in articulated optics and steering mirrors, their use in
load bearing truss structures is new.

One of the potential advantages of these precision revolute joints
is the ability to model analytically the friction torque as a function
of key design parameters. If such a model could be developed, it
would lead to more reliable deployments because of predictable
actuation torque power. In addition, recent testing on a prototype
deployable telescope metering structure that incorporates these new
joints has identified micron-level dimensional instabilities that are
correlated with friction in the joints.11 To understand the relation-
ship between component-level friction and dimensional instability
better and to enable significant advancements in the design of high-
precision deployable structures, it is necessary to develop better
analytical models of frictional behavior.

The determination of the friction torque in rolling element bear-
ings has been a topic of research for the past 50 years.12 Much of this
research applies only to high-speed applications, e.g., 10,000 rpm,
and is inapplicable to space deployment applications, for which
rotational velocities can be~0.5 deg/s (Ref. 13). However, there
exists a small body of work that focuses on the quasi static contact
mechanics of two rolling bodies. This work has identified three dis-
tinct friction mechanisms that occur when two bodies roll past each
other.14"18

Palmgren19 published the first work that described friction due to
conformity between the balls and races in a ball bearing. Heathcote17

analytically derived the friction contribution of conformity surface
tractions. Poritsky et al.20 provided the earliest work on recognizing
friction torque due to spinning of the balls. Johnson14 provided the
current theory of microslip derived spin friction torque. Tabor18

derived a theory of rolling friction due to viscous hysteresis in the
bearing material. Hailing15'16 attempted to derive microslip with
spin patterns in ball-thrust bearings. He verified that friction due to
a spin/roll condition is smaller than when complete slip occurs.

Todd and Johnson21 were the first to derive an analytical model
for predicting friction within ball bearings including the effects
of all three friction mechanisms: spinning of the balls, conformity
between the balls and the races, and viscous hysteresis. For angu-
lar contact bearings, two of the friction mechanisms, i.e., spinning

friction and conformity friction, are coupled and are difficult to re-
solve. The differentiation of these friction components primarily
relies on the assumed kinematic distribution of sticking and slip-
ping within the Hertzian contact patch of individual ball bearings.
For this reason, application of the Todd/Johnson model requires
further validation, such as that provided by this paper. Prior to the
present study, the Todd/Johnson model had been verified only for
three-ball-bearing systems.21

In the present study, the Todd/Johnson model is applied to pre-
dict analytically the steady-state friction torque within the precision
revolute joint angular contact bearing set. The goals of this study
are 1) to evaluate of the Todd/Johnson analytical friction model for
predicting friction torque within an angular contact bearing; 2) to
develop a nondimensional analysis that defines the dependencies
of the friction torque on joint geometry, material properties, and
preload; 3) to correlate the model predictions with data from break-
away friction testing of a prototype precision revolute joint; and
4) to discuss how the new friction torque model can be used in
the design of revolute joints for high-precision deployable struc-
tures. The principle contributions of this paper are the validation
of the TodoVJohnson model on the breakaway friction of a multiple
bearing set and the development of nondimensional scaling para-
meters for joint friction minimization.

Analytical Modeling of Angular Contact Bearings
Friction Mechanisms Within an Angular Contact Bearing

As a bearing slowly accelerates from a rest condition to a uniform
angular velocity, the resisting torque does not instantly jump to its
final value but approaches the steady rolling torque asymptotically
through a small angle of rotation (<0.2 deg). When the rolling direc-
tion of the bearing is reversed after achieving a steady rolling state,
the same behavior (beginning at a low-level torque and slowing ap-
proaching a steady rolling torque) is observed. Dahl22 empirically
identified this characteristic behavior. He identified a curve fit ex-
pression as well as the two parameters that define the shape of the
behavior: the reverse slope, i.e., the slope s immediately following
a reversal of direction, and the steady rolling torque rss. All of his
work concentrated on empirically identifying the correct function
that accurately describes this phenomenon.

More recent analyses, like that developed by Todd and Johnson,21

have proven microslip between the bearings and the races to be the
dominate source of hysteretic response. The Todd/Johnson model
includes the following three mechanisms for predicting ball-bearing
friction torque: microslip from the angular velocity of spin of the
balls relative to the race; microslip due to conformity between the
balls and the race, often referred to as Heathcote17 slip; and material
viscous hysteresis arising from stress cycling in the material due to
the rolling of the balls traveling across the race.

Microslip Friction Due to Spin
When an angular contact bearing set rotates, the individual balls

both spin and roll about their vertical and horizontal axes relative to
the races. For the balls to spin, microslipping must occur between the
ball and race, and surface tractions due to friction must develop. The
distribution of surface tractions in the Hertzian contact ellipse due to
spinning of the ball is shown in Fig. 2. These surface tractions give
rise to both a moment resultant normal to the plane of the contact
ellipse and a force resultant within the plane of the contact ellipse.
These force and moment resultants both contribute to a torque that

f Microslip
• s Pattern

Hertzian Contact Ellipse

Fig. 2 Microslip due to spin.
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Fig. 3 Microslip due to conformity of the ball bearing and race.

Fig. 4 Stress field due
to rolling of one elastic
body over another.

Body 2

resists rotation of the bearing. Johnson14 determined the friction
torque arising from spin-related microslip to be

Mz = Q315^sPb (1)

The essential formulations of Hertzian contact stresses are presented
in the Appendix for completeness.

Microslip Friction Due to Conformity
Conformity microslip, also called Heathcote slip,23 arises from

the contact area between the ball and the race not being planar due
to the transverse curvature of the race. Because of this condition,
points in different transverse positions within the contact ellipse are
at different radial distances from the center of rotation of the joint
and, thus, have different speeds during rotation of the joint. The
surface tractions that occur within the Hertzian contact ellipse due
to conformity are shown in Fig. 3.

Heathcote17 developed a theory to predict conformity-induced
friction torque by assuming perfect slipping occurs outside of the
stick regions, i.e., neglecting the effects of elastic compliance of the
ball and race. The Palmgren-Heathcote equation for conformity-
induced frictional torque Mr is

Mr = (2)

The frictional moment due to conformity is a nonlinear function of P
because the Hertzian contact ellipse dimension b also depends on P.

Hysteretic Rolling Friction
Rolling is defined as a relative angular motion between two bodies

in contact about an axis parallel to their common tangent plane.
When rolling occurs without sliding or spinning, the motion is often
referred to as pure rolling. The terms free rolling and tractive rolling
are used to describe motions in which the tangential force at the
contact point of the two bodies is zero and nonzero, respectively.
An elastic body in freely rolling contact undergoes a cycle of loading
and unloading as it flows through the region of contact deformation.
The strain energy of the material in front of the center of contact
increases as the center of contact is approached due to the work of
compression done by the contact pressure acting on the front-half
of the contact area. After the center of contact is passed, the strain
energy decreases, and work is done against the contact pressure at the
back of the contact. The compressive stress field (and corresponding
strain-energy field) that arises between the ball and the race during
rolling contact is shown in Fig. 4.

Because of material hysteresis, asymmetry is induced in the com-
pressive contact stress field when a ball rolls, which gives rise to a
moment that resists rotation of the ball (Fig. 5). An expression for
this moment due to material hysteresis is18

Body 2

Mhz

Ball Bearing

Fig. 5 Resistive mo-
ment due to the asymme-
try of the pressure field.

Spin Axis

Roll Axis
Outer Race

Inner Race

Axis of Rotation
Tss/nb,e

Fig. 6 Forces and moments acting on a ball in an angular contact
bearing.

Spin Axis

Mri, Mhj

Roll Axis <J

Fig. 7 Forces and moments acting in a plane defined by the ball
bearing.

Similar to the conformity moment, the hysteresis moment is a non-
linear function of P because the Hertzian ellipse dimension a also
depends on P.

Coupled Friction Mechanics in an Angular Contact Ball Bearing
In an angular contact bearing, the distribution of sticking and

slipping regions within the contact area means that the spin and
conformity friction components are coupled. The derivation of spin
and conformity friction contributions is Todd and Johnsons'21 con-
tribution. The authors have reviewed and expounded on Todd and
Johnsons' derivation to clarify the underlying assumptions of their
analysis.

As presented by Todd and Johnson,21 the total friction in a bearing
is based on the static equilibrium of an individual ball. Moments
and forces that are present at the interfaces between the balls and
the inner and outer races are shown in Fig. 6. Figure 6 is a cross-
sectional cut through the inner and outer races and a single ball
of the bearing. Note that both moments and force resultants arise
from the tangential friction stress at the interfaces. In this reference
frame, the only force resultant that appears is the contact normal
force P. The forces and moments in a plane perpendicular to the
plane shown in Fig. 6 and which contains the spin axis of the ball are
shown in Fig. 7. In this reference frame, an additional force resultant
F appears, which is the result of microslip-induced tractions arising
from both spin and conformity of the ball.

Assuming that the bearings are in a steady-state rolling condition,
i.e., neglect D'Alembert inertia forces, the equilibrium equation for
a single ball about its spin axis is

Mh = ± (3) Mzi -Mzo = (4)
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Inner Race

Axis of Rotation

Fig. 8 Forces acting on the inner race.

or

Mzi = Mw = Mz (5)

The equilibrium torque equation about the roll axis is

Mri + Mro + Afw + MAo = 2r6F (6)

Mri- , Mro and M/,/ , M/,0 are not the same values because the contact
area of the two contact surfaces (bearing contacting with the inner
and outer races) are of different dimensions.

Equations of equilibrium can also be derived for the inner race of
the bearing to determine the external torque necessary to overcome
the rolling resistance of the balls. Referring to Fig. 8 (note that F is
directed out of the page) and again neglecting inertia, the equilibrium
equation for moments about the axis of rotation is

Tss/nh = Mz sin ft + Mri cos ft + MM cos ft + FRt (7)

From Fig. 6,

R0 — RI
cos ft =

2rb

From Eq. (6),

F =
2rb

(8)

(9)

Substituting Eqs. (8) and (9) into Eq. (7) results in the following
equation:

2rb 2rb

(10)

Equation (10) gives the steady-state friction torque needed to
overcome the rolling resistance of the bearing. It includes contri-
butions from the three friction mechanisms identified earlier. The
first term is the spin friction torque contribution; the second term
is the Heathcote, i.e., conformity, friction torque contribution; the
third term is the hysteretic friction torque contribution.

The basis of the Todd/Johnson derivation is the relation of these
force and moment results to the distribution of slip and stick regions
within the contact patch. The underlying assumption (introduced by
Palmgren19 and Heathcote17) is that surface tractions only develop as
a consequence of microslipping between the balls and the races, i.e.,
it is assumed that static friction is insignificant. More specifically, it
is assumed that surface tractions are aligned with the direction of mi-
croslipping and proportional to the normal pressure and the sliding
friction coefficient between the contacting surfaces. Additionally, it
is assumed that microslipping (and, consequently, surface tractions)
only occurs in the direction of rotation of the ball, i.e., parallel to the
semiminor axis of the Hertzian contact ellipse as shown in Fig. 3.

The distribution of microslipping is considered first. Expressions
for the velocities of the ball and the races in the direction of rolling,
i.e., x direction in Fig. 7, can be derived from geometric consider-
ations. Referring to Fig. 7, the velocity of a point on the surface of
the ball located in the contact ellipse is

(11)

and the velocity of a corresponding point on the inner race is

y2 cos ft
= o>/ 2rbCi

+ y sin ft (12)

where a>rb is the angular velocity of the ball in the roll direction,
i.e., around the y axis; a)zb is the angular velocity of the ball in the
spin direction, i.e., around the z axis; o>, is the angular velocity of a
inner bearing race around the rotational axis of the bearing set; and
Ci is the inner conformity ratio (c, = rg/rb).

Microslip between the ball and the inner race can now be defined
mathematically as the difference between the velocities of points
in contact with one another on the ball and the inner race. This
difference in velocities can be expressed nondimensionally as

(13)

where o>, /?/ is the velocity of the inner race along the semiminor
axis of the contact ellipse, i.e., the x axis. Substituting Eqs. (11) and
(12) into Eq. (13) and rearranging gives

£0?) = fc, + •

where

r\ = y/b,

\/rei =

(o)rbrb — a>jRi)

Aft>zl- = a)Zb — ft>/ sin ft

(14)

(15)

(16)

In general, Eq. (14) has two roots, i.e., two values of Y] for which
£(77) = 0. These roots define the regions in which no microslipping
occurs (see Fig. 3). Setting Eq. (14) equal to zero and solving for r\
gives

b2T)2

lrbrei
= 0 (17)

(^zirbrei

\b^RT

Performing a simplification,

s = b2 (19)

(20)

The way the zones of surface tractions change due to different values
ofs is shown in Fig. 9.

Fig. 9 Microslip patterns.
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Surface tractions that develop as a consequence of microslipping
are now considered. As already explained, it is assumed that surface
tractions act opposite to the direction of microslipping and are pro-
portional to the normal pressure and the sliding friction coefficient
between the contacting surfaces. Equation (14) gives the direction
of microslipping within the contact ellipse, and so an expression
for the normal pressure distribution is the only remaining compo-
nent needed. Following the derivation of Hertz, the Todd/Johnson21

derivation assumes the normal pressure distribution within the con-
tact ellipse is elliptical. Thus, the Todd/Johnson surface traction
distribution is

T,(JC, v) = -sgnf (30jx,p0[l - (x/a)2 - (y/b)2]? (21)

where the sign of q(x, v) is opposite to that of the microslip given
byEq.(14).

Moment resultants can now be derived from Eq. (21) by integrat-
ing the tractions throughout the contact ellipse. First the tractions
are integrated along a thin strip at constant v using the following
force resultant definition:

GstripW

f*l
= I [T,(JC,

J-jci
y)]dx

where

(22)

(23)

(24)

Now GstripW can be integrated along 77 to give spin and confor-
mity moment resultants. The spin friction moment is given by

Substituting Eq. (23) into Eq. (22) and integrating gives

-*/'J-i
(25)

Performing this integration requires evaluation of sgn £(77). Refer-
ring to Eqs. (17) and (18), the positions of the no-slip bands rj\ and
772 define the points at which £(77) changes sign. Considering this, it
can be shown that

Mt/H,Pb = Cz = |{,J[l - (,?/2)] - „![! - (ijf/2)]} (26)

The conformity friction moment that acts on the ball bearing is
given by

I

1
— )d77
2r/,

(27)

where the radius of the curvature for the Hertzian contact ellipse is
approximately rj,. Integrating Eq. (27) results in

Mrr

Recall that 771 and 772 are defined in terms of the parameter £,
which is a function of bearing spin magnitude, i.e., Eq. (18). When
e = Q, the bearing is rolling, i.e., AOJZ/ =0. Therefore, the source
of friction is due to conformity, 771 =5 and 772 = —6, and Eq. (28)
reduces to

Mrrb = 0.08 (29)

which is Heathcote's17 result [Eq. (2) assuming c& 1].
When s > 0.5, the bearing primarily is spinning about its own

axis and all of the friction is due to the spin friction moment Mz.
Equation (28) approaches zero, and Eq. (26) equals

lim •
e>0.5 ,

M7 = 0.375 (30)

Equation (30) is Johnson's14 equation [Eq. (1)], which predicts the
friction caused by a ball spinning on its own axis, i.e., slip occurs
over a large proportion of the contact area.

Equations (26) and (28) can be used to derive expressions for
spin and conformity moments occurring on both the inner and outer
bearing races. Performing these calculations and using Eq. (3) to
calculate the hysteretic moment give

Mri = Cri
HsPb2

Mro = Cro

Mhi = ±aPait

(31)

(32)

(33)

where

(34)

Substituting these results into Eq. (10) gives the following expres-
sion for the total friction torque resisting rolling within an angular
contact bearing:

— = Cznb

3 aP
——32 rb

(35)

Scaling Analysis of Joint Friction Torque
Equation (35) can be nondimensionalized by first normalizing

torques by Pr\j and normalizing lengths by r\,. The resulting equa-
tion is

(36)

where

/ R R\
in ft), A2 = 0.655^, Cr/ — + Cro-^\ rb rb)

and a new nondimensional parameter, referred to as the bearing
compression parameter, is defined to be

K = P/Er2 (38)

This parameter quantifies the compressibility of a bearing given a
normal load acting on the bearing, bearing material, and geometry.
Another nondimensional ratio, referred to as the conformity ratio
(as derived by Heathcote17), is the following:

c = rg/rb (39)

By normalizing the steady-state friction torque, one can see that
the steady-state friction torque is a function of eight nondimensional
parameters:

(l/nb)(T»/Pr,,) = f ( K 9 [1 - v2], c, n,9 a, ft, /?,-/r,, R0/rb) (40)

The nondimensional analysis provides, for design purposes, the abil-
ity to 1) compare friction torque characteristics of different bear-
ing arrangements and 2) perform trade studies between different



596 HACHKOWSKI, PETERSON, AND LAKE

preloads and bearing arrangements to minimize the friction torque
for specific applications. Two design parameters, the applied preload
and the contact angle, are the most important parameters over which
the designer typically has freedom. The effect of each of these design
parameters on the steady-state friction torque is examined next. For
purposes of this study, the nominal design parameters are taken to be
the parameters of the precision revolute hinge joint listed in Table 1.

The relationship between angular contact bearing angle and
nondimensional friction torque for a given nominal preload is shown
in Fig. 10. This graph illustrates that for a given preload there is an
optimal angular contact bearing angle. As the bearing angle in-
creases, the rolling friction component decreases due to lower nor-
mal load P. The spinning component, however, has an increased
sliding friction component. The optimum angle occurs when the
two frictions are balanced. Note from Fig. 10 that the minimum an-
gular contact bearing angle increases as the preload increases. For

Table 1 Physical parameters of the precision revolute joint

Parameter

Young's modulus
Poisson's ratio
Inner race radius
Bearing diameter
Grove radius
Contact angle
Coefficient of friction
Material hysteresis
Bearing normal load
Number of bearings
Moving joint half-mass
Distance from the rotation

axis to the center of gravity

Symbol

E
V

Ri
rb
rs
ft

Us
a
P
nb
mj
rcg

Value

200 x 109 Pa
0.3

8.9 x 10~3 m
7.8 x 10~4 m
8.6 x 10~4 m

15deg
0.3

0.05%
110N

48
0.034 kg
0.0118m

0.016

0.014

0)0.012
a-

I °-01
o

UL
75 0.008
o

; 0.006
Q

§
• 0.004

0.002

—— 0.5x Nominal Pre-Load
• 1 x Nomjnal Pre-Load

- - 2x Nominal Pre-Load

0 10 20 30 40 50 60 70 80 90
Angular Contact Bearing Angle, degrees

Fig. 10 Nondimensional friction torque as a function of angular contact bearing angle graph.

0.01

0.009

0.008

0)

1-0.007
£
.1 0.006
Iu_
75 0.005
o

i 0.004

g 0.003

0.002

0.001
- 0.5x Nominal Angle
- -1 x Nominal Angle

3/2x Nominal Angle
- - 2x Nominal Angle

0.2 0.4 0.6

Fig. 11 Nondimensional friction torque as a function of preload.

0.8 1 1.2 1.4 1.6 1.8
Preload Factor
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the nominal (1 x preload) preload curve, the minimum torque occurs
when the angular contact bearing angle is ~ 17 deg. That the nominal
bearing angle is 15 deg means that the nominal design is near the
minimum friction for this bearing.

The relationship between preload and the nondimensional fric-
tion torque for a given nominal angular contact bearing angle (for
this example, the nominal angular contact bearing angle is 15 deg)
is shown in Fig. 11. These curves represent the minimum friction
torque attainable given a preload and available angular contact bear-
ing angle. Note that although the friction torque is a monotonically
nonlinear increasing function of the preload, the slope of the func-
tion becomes more linear as the preload increases.

Experimental Validation of Joint Friction Torque
Test Specimen

The model was validated by experimentally measuring the break-
away friction within the precision revolute hinge joint shown in
Fig. 1. The joint is constructed with a matched pair of angular con-
tact bearings with the physical characteristics listed in Table 1.

Apparatus and Procedure
The experimental apparatus is shown in Fig. 12. It consists

of a precision machine index head with an attachment apparatus
mounted to the front of the index head. One end of the joint was
mounted into the attachment apparatus on the index head, was cen-
tered, then was clamped. The other end of the joint remained free
to rotate. Centering of the joint consisted of determining that the
two halves of the joint were aligned about the same vertical axis.
As part of the centering procedure, the rotation axis of the joint was
positioned to be perpendicular to the plane of the mounting face of
the index head. An electronic level, with a resolution of 0.1 deg, was
used in the alignment process.

Once the joint was aligned, the index face was manually rotated
counterclockwise at approximately ~2 deg/s. At a critical angle, the
gravity torque on the joint overcomes the friction torque. Torque
equilibrium about the rotation axis determines that this angle would
be the following:

Fig. 12 Experimental apparatus.

(41)

Numerical values required for data reduction are presented in
Table 1. Once the breakaway angle was reached, rotation of the
index head ceased, and the angle of the index head was measured
using the electronic level. The procedure was repeated 30 times.

Experimental Results
The experimental data are presented in Fig. 13. The mean

breakaway angle was 54.2 deg. This angle value corresponds to
Tss = 0.45 oz-in. The analytical model predicted a friction torque
of 0.50 oz-in. A perturbational analysis was performed to under-
stand the sensitivity of the torque model to variances of the physical
parameters. There is an 11.5% error between the predicted and mea-
sure friction torques, which can be explained by a 10% uncertainty
in actual preload force and friction coefficient value due to irreg-
ular surface finish, presence of debris, and difficulty in identifying
specific steel type.

I

45 50 55
Degrees ["]

60 65

Fig. 13 Angle at which joint rotated test results.
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Conclusion
This paper presents an analytical model for predicting friction

torque in a precision deployable spacecraft structure joint incorpo-
rating preloaded angular contact bearings. The model is based on
the Todd/Johnson21 tribological friction model of friction within ball
bearings, which had previously only been validated in simple three-
ball bearings. More importantly, a new nondimensional parameter
has been developed to quantify the effects of bearing preload, geom-
etry, and material properties. It is shown that friction is minimized
for a specific bearing contact angle that minimizes both rolling and
sliding friction components. Additionally, it is shown how friction
varies nonlinearly with preload. Experimental measurements of the
breakaway friction torque are compared to the analytical prediction.
The error between the predicted and actual friction torques is shown
to be within the uncertainty of the properties of the bearings.

Appendix: Hertzian Contact
Hertz24 developed a theory to predict the stress field created when

two elastic bodies are statically compressed together. By assuming
each body behaves as an elastic half-space and by neglecting tan-
gential shear stress at the contact interface, the resulting contact area
is an ellipse with a pressure distribution given by

(Al)

where ;c and y are coordinate axes centered in the contact ellipse
and PQ is the maximum pressure, which occurs at the center of the
contact ellipse. Integrating Eq. (Al) across the contact ellipse gives
the following relationship between maximum pressure p0 and the
total resultant force P due to the contact pressure:

= 3P/2nab (A2)

Using the analysis of Timoshenko and Goodier,25 the semimajor
dimension is

2
(A3)

and the semiminor axes for the inner and outer contact ellipses, a/
and a0, respectively, are

- ? / l 3 " } pkr»Ri
-3"-)^—^)'
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